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Abstract—A (1 + 1)-dimensional massless Nambu—Jona—Lasinio model is investigated in the limit of a large
number of colors. The model describes a system with two quark flavors if p baryon and p; isospin chemical
potentials occur. The question of whether spatially inhomogeneous chiral and pion condensates can form in

a dense quark environment is also examined.
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INTRODUCTION

In the present work we examine a method for gen-
eralizing the Gross—Neveu model [1] with one type
(flavor) of quark to the case of two different flavors by
considering the respective potentials. The Lagrangian
of a (1 + 1)-dimensional mass model with an addi-
tional four-fermionic interaction of the Nambu—
Jona—Lasinio type that describes the dense quark
environment in terms of # and d quarks can be written
as follows

L =q[y"i0, + py" + vy’ —mylq
+ G
N

c

2. 1)
[(@9)’+ (@i7'%0)’],

where the gamma matrixes are chosen in the following
way: V' = 6,; ! = io}; ¥° = y%! = o5 and two-compo-
nent Dirac spinors g(x) = g;,(x) are the doublets over
flavors (i = 1, 2) with respective Pauli matrixes 1, (@ =
1, 2, 3) and with N -let over colors (oo =1, ..., N,.). The
chemical potential p is responsible for the nonzero
baryon density of the quark environment, while the
isospin chemical potential p; = 2v is examined for the
case of a nonzero isospin density that considers envi-
ronment asymmetry over isotopic composition.

This model is invariant with respect to the follow-
ing groups of symmetry. Under p; = 0 and m, = 0, in
addition to the global SU(/,) symmetry over color
index, the initial Lagrangian is invariant with respect
to chiral group SU;(2) x SUg(2) transformation. But
under p; # 0 the group of symmetry is reduced to
U, (1) x Uy g(1), where I3 = 13/2 is the third compo-
nent of isospin operator. Let us point out that the ini-

tial Lagrangian is invariant with respect to evenness
transformation.

1. THERMODYNAMIC POTENTIAL
OF THE MODEL

In investigating the model, we introduce the new
fields during bosonization

dﬂ=4%@ﬂ

T (x) = —2}%(2117510(1), (a=1,2,3).

After respective substitution in the first order of
decomposition under high N, we obtain the following
expression for efficient action ¥ (o, wt,)

& 2 02 + 7'[3Z
(o, ) = =N, _[d x[W} + S, 2)

The quark field contribution to efficient action is

determined by the &y member in Eq. (2) and can be
written in explicit form

exp(iFer) = V' [[da)[dglexo i [(al1"10, + i’

+ v7:3y0 —c—my— iysnara]q }d2x).

The value of mean vacuum {c(x)) and (m,(x)) of
the generated boson fields, which are determined
according to extremum condition for efficient action
in a dense environment, where p # 0, u; # 0, can
depend nontrivially on x. In particular, in the present

work we use an ansatz, which can be called a pion den-
sity wave
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(c(x)) +my = M, (m(x)) =0,
() + im0 = A, )
—21bx

(m(x)) —i(my(x)) = Ae

where M, b, A are constant and are the points of global
minimum for thermodynamic potential (TDP)
Q(M, b, A), which is determined via efficient action by
the known method

Q(M, b, A) J.dzx

I
=~ Ferl 000, 1)} o) = (o, 5,0 = (my 000
(4

During calculations by considering the chosen
ansatz, it is necessary to perform the turn

q= (Wu: Wd) — X (Xu’ Xd) (4)

= (Wueibxa Wde_ibx)r = eit3bx .
By considering transformation (4), the thermody-

namic potential can be written as follows
(M-m,)’ + A

4G (275)
where D= (p — M + Wy, + visyy + T3Y,0 — iAtys). The
roots of equation detD = 0, which are determined
analytically, N = p(') +u, (i = 1,4), present the
model spectrum; after this the expression for thermo-
dynamic potential is reduced as follows
(M- mo) + A’

4G

Q(M, b, A) =

Id plndetD, (5)

Q(M, b, A) =

_Lw n @ (6)
4njdp|{|n T

+ @ =yl + 0 —pl .

To overcome the ultraviolet divergence, in the last
expression it is possible to use regularization (which is
traditional for Gross—Neveu and Nambu—Jona—Las-
inio models) by introducing a cutting for A (the
detailed procedure for normalizing the mass model of
the Gross—Neveu type was presented in [2, 3])

. A’
Q(M, b, A) = }Tw{greg(M, b, A)|G%(A)+—n-}. (7)

But the thermodynamic potential obtained by
means of such a procedure depends nonphysically on
the wave vector b under a zero amplitude A and is
unlimited from below over b. The following value,
which is obtained after additional subtraction, is
the true thermodynamic potential of the system
QPS(M, b, A) (see [4])
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Q™™ (M, b, A) = Q(M, b, A)
-Q(M, b,0)+Q(M,0,0).

The cause of the revealed loss of physical sense in
the regularization of Eq. (6) is as follows: the regular-
ization with symmetrical cutting over impulses (7) is
used and this problem is discussed in [5, 6, 7].

The phase structure of the model with Lagrangian
(1) under m, = 0 has been studied properly for many
particular cases; for example, the process of homoge-
nous condensate formation was examined in [8] and in
[5] the existence conditions for a phase with a chiral
density wave were discussed. To solve the problem of
the basic state structure, we choose (among all possible
forms of spatially heterogonous solutions (chiral crys-
tals, spirals, etc. see [9—11]) the condensates in the
form of a chiral density wave (CDW) (see below) and
of a pion density wave (3) (PDW).

®)

2. CDW AND PDW PHASES
FOR THE MASSLESS CASE: M, =0

Phase structure for homogenous case: b = 0. To
study the phase portrait of the examined model for the
case of homogenous condensates, we write Eq. (5) for
b = 0 as follows

1,](1),(2),(3),(4) - i%i ((gi

E = p+M.

We use (7) and obtain the re-normalized expression
for thermodynamic potential

Q(M, A) = Vy(JM + A%)
Idil{%A+‘<€ 2P M+ A }

0

= FE+v,

— [ = B0 =6) + (1= 8)0(— 61}
0
where

Vo(M) =

{4(;(1\) I 1F+—}

2 2
:M1n£M2_1,
2n| M,

and M, is a free parameter equal to the dynamic mass
for quarks in a vacuum. The results of numerical inves-
tigation of the obtained expression for the case of
homogenous chiral condensate are presented in Fig. 1
(a more detailed investigation was presented in [8]).

CDW Phase. In this case the form of the thermody-
namic potential is studied (in contrast to (3)) with the
use of another ansatz, in particular,
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Fig. 1. A phase portrait for the case of spatially homoge-
nous condensates. / is a symmetrical phase with massless
quarks; 2 is a phase with mass quarks, PC is the phase of a
charged pion condensation; a is the lowest point of phase 2
with respective values of pi, = 0.69M and v, = 0.6

o(x) = Mcos(2bx), m4(x) = Msin(2bx),
T(x) = A, my(x) = 0.
The form of the chiral turn is also different: ¢,, =
exp(iy’t3bx)q. We will omit the details of the calcula-
tions here; however, they were given in [5]. The

resulted thermodynamic potential can be written as
follows

Q™™ (M, b, A) = Vy(JM* + AY)

A
_ lim{I@[EZ+E;—2A/pf+M2+A2]}
A—> o T

0

- [ - EDB(u - EY)

0
(i ED0(u - £y + 5V

where the 6(x) Heaviside function and model spec-

trum are used
E = J(EY + A%
E = E+(b+v), E=Jpi+M.

As it is seen from the phase portrait presented in
Fig. 2, if we choose just this ansatz, two phases of a
chiral density wave, viz., CDW, and CDW,, and a
homogenous pion phase can form. It turns out that
CDW phases are preferable to the homogenous chiral
phase and even to the vacuum phase.

Phase with Pion Density Wave. From the phase dia-
gram presented in Fig. 3, which was obtained when we
investigated the thermodynamic potential (8) and slot
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Fig. 2. A phase portrait for the model with chiral density
wave. For CDW, (CDW,) phase >0 (< 0). Curve L (b=0)
corresponds to the homogenous phase with spoiled chiral
symmetry. The same phase (PC) occurs at the interval 0 <
p < g = 0.69M at p axis; a. is the critical interphase point
with coordinates . = 0.69M,, v, = 0.6

equation for variables M, A and b for the solution in the
form of pion density wave (3), it is seen that there is a
critical point p, such that if p < p, there is the only
homogenous pion condensate and if pu > p, the mate-
rial is in the form of a pion density wave, excluding a
thin strip for the phase of normal quark matter near
line p = v. The width of this strip is only 0.03M; it fin-
ishes in the critical point o, where @ = p, = 0.069M,),
v=0.6M,.
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Fig. 3. A phase portrait for the model with pion density
wave. PCis a phase of homogenous pion condensate (1< L),
PDW is the heterogeneous phase with pion density wave
(under p > ). The area of the plot designated as M cor-
responds to homogenous chiral asymmetrical phase. The
width of this area is ~ 0.03M(; a is a critical interphase
point
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CONCLUSIONS

In this paper a (1 + 1)-dimensional massless
Nambu—Jona—Lasinio model with chemical poten-
tials of two types was examined at a zero temperature.
It was revealed that for baryon chemical potential p <
L. and arbitrary nonzero values of |; only the phase of
a charged pion condensate is formed. The spatially
heterogeneous forms of chiral and pion condensates in
the form of density waves with the given form are
formed if | > - I this case, the results of numer-
ical calculations do not allow us to give preference to
any phase: CDW or PDW, since in different segments
of space they appear with equal probability. Due to this
fact, it is important to study the problem of whether
hidden symmetry exists in the model and to separate
the 2D case and increase the number of measure-
ments.
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