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qucesl 7 OTHOCUTEIBbHO mpocToro uucia p. Ilome K HasblBaeTcss nosem pacujenienus pynnot A,
ectm AQREZ D@ F, rme R=KnN Zp, Zp — TOmOJIHEHNE Zy B p-aJudecKoii romosoruu, D —
nequMbIit R—monyns, F' — cBobommbiit R—Moayab. Kosbito R B 9TOM ciiydae HAa3bIBAETCI KOADUOM
pacuwenaerus epynno, A. KosbIo paciieniennsi, He cogepzkaliee COOCTBEHHBIX KOJIell PACIIeILICHIsT
rpymibl A, HA3BIBAETCT MUHUMGADHOIM KOABUOM paculensenud epynnos A. Llose paciiemnienus Ha-
3BIBACTCST MUHUMAAOHBM NOAEM DACULENAEHUA 2PYNNb, A, eC/Ti He COJEePKUT COOCTBEHHBIX IMOJIel
paCITIerieHnst TPyIbl A.

TEOPEMA 1. Bcakas HEPA3AOACUMAA D—AOKAALHAA 2pynna 6e3 Kpyuenus A ¢ MUHUMANDHDIM
keadpamuurvim nosem pacuenaenus K = Q(m) usomopdra epynne G = (a,b | a = wb), C Zyb, 20e
T — npumumusnoil aremenm pacwupenus Q(m) = K.

CHEJCTBUE 1. [1] Beakaa cusvho HEpa3sodcumas p—aokasvraa epynna 6e3 xkpyuenus A c
MUHUMAAHOM KEAOpamuuHvm nosem pacujenaenus K = Q(m) usomopdua epynne

G = (a,b| a=7b), C Zyb.

CNEJICTBUE 2. BeAakas Mepasaoncumas (CusbHo HEPA3A0ANCUMAA) P—A0KAADHAA 2pynna bes
kpyuenua A ¢ munumarvrom keadpamusunsim nosem pacwenaenus K = Q(m) usomoppra addu-
MUGHOT 2PYNne MUHUMAALHO20 KOALYaA pacujenaenus R = K N7,

CHEACTBUE 3. Ecau xwoavya asndomoppusmos E(A) u E(B) nepasroscumvis p—-aokasvnos
epynn 6e3 kpyuenus A u B ¢ MUHUMGALHOIM K8GIDAMUNHBIM nosem pacuenaerus K usomopg-
Hot, o epynnot A u B makoce usomopdro..

CJIEJICTBUE 4. B Kaacce HepazaoncumMvls P—A0KGALHOET 2pYynn 0e3 KPYHeHUus ¢ MUHUMAALHbIM
Keadpamuuroim nosem pacwenaenus K ecakasa epynna onpedeasemca ¢ mowrnocmvio do u3omop-
PUME MUHUMAAOHBIM KOADUOM DACULENACHUA.

CJIEACTBUE 5. B Kaacce HEPA3A0ACUMBLE P—AOKAADHOL 2PYNnn 6€3 KPYUEHUA C MUHUMEALHBIM
Keadpamusroim nosem pacwenaenus K ecarxasa epynna onpedeasemca ¢ mowHocmvio 0o u3omop-
Pusma addumueroti 2pynnott MUHUMGAADHOZ0 KOADYA PACULENACHUA.
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During the last 20 years we related a development to the searching for new Riemannian and
tensor structures in multidimensional spaces D > 5 based on the theories of new hyper-numbers,
new algebras and new symmetries. We refer to the theory of numbers - theory of reflexive numbers
and then to theory of the cyclic C™— complex numbers|1, 2|.

The geometrical nature of Abelian group we could search for in the theory of Abelian n — ary
complex numbers. We took the idea of considering n — ary complex numbers in Euclidean R™-
spaces as a tool for finding new symmetries in connection with the Calabi-Yau classification of
spaces of any dimension CY(d), d = complex.dim. = 2p — real.dim., which we made on the
basis of the n — ary theory of reflexive projective numbers [3, 4, 5]. d-dimensional Calabi-Yau
spaces are multi-dimensional generalizations of the d = 1 one-dimensional torus This classification
allowed us to see new n-ary structures in Newtonian polyhedrons for Calabi-Yau spaces CY (d)
with the holonomy group SU(p), d = 3,4, 5, ... One of the possible ways to establish a connection
between external and internal symmetries is to cover the groups of internal symmetries of groups of
external space-time symmetries by groups? So we already know such examples with double covering:
SU(2) ~ S3)Zy ~ SO(3) ~ RP?, U(1) g, SU(2) -spin, SL(2,C) -matter-antimatter, N9F = 3
with the group SU(39%) -color symmetry, Ny = 3-number of generations of quark-leptons.

According to the Abelian C,- cyclic group complexification of the Euclidean R™ spaces followed
to this method we consequently constructed the series-n = 3,4, 5, 6; 12 of the n-dimensional (n—1)-
parameter Abelian group- hypersurfaces with n = 2,3,.... We determine the Abelian group
symmetries for such spaces. The n-ary complex numbers lead to two isomorphic, n-ary "unitary"and
"orthogonal Abelian (n-1) -parametric symmetry groups, which could be the basis for describing
the invisible light of the universe. The feature of the our approach is the appearance of noncompact
Abelian symmetry groups.

The theory of Abelian complex numbers is based on the complexification of the Euclidean
R™-space[5]-[6]

Z=2xoqo+T1q+ .... + :U(n_l)q("_l), (1)

using C, = qo,¢,....,¢"" 1) ¢" = +qy. qp — unit - cyclic groups of their n-one-dimensional
irreducible representations for conjugation operations

i=q" =jq, 4=¢P =4 ..q""H =g g =g =€l (2)

which allow to determine the norm ||z||" = z- A 2n=1 which has composite group properties
[|z1- 22||™ = ||z1]|™ - ||22]|™, which allows for n-ary complex numbers with a single norm to determine
(n -1) - parametric Abelian groups. Following the Abelian C,-complexification of Euclidean spaces
R™, we successively construct the series of Abelian (n — 1) -parameter-invariant hypersurfaces
[[2]]" = Fo(wo, ..., ¥(5,—1)) = 1 for n = 3,4,5,6,...,12 (further expansion is obvious) we study the
process of, we derive Euler formulas as the basis for the derivation of n-ary-unitary Abelian groups in
the (n xn) -matrix representation. For illustration we present the expressions of algebraic equations
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for the hypersurfaces defined by the C", - cyclic unit numbers only for n < 6 for both cases, A)
" = qo, B) ¢" = —qo ,respectively (these cases can be linked by extended Wick twist):

Generalizations of the n-dimensional trigonometry and the Pythagorean theorems for n-
dimensional simplexes in each n-ary case have been got, for example, let see n = 3:

2
e(qoz-i—q f) = CO(OZ, B)QO + So(Oé, B)q + tO(Oé, B)QQ’ (3)
where ¢ + s3 + 3 — 3cosoto = 1. The two parameter Abelian ternary "unitarity"is

U = e@at8a") 7+ = oliaati?B)a®, [r++ — o(i%eatiBle?) U.ut-utt=1 (4)

Or in matrix form

a qb ¢c a  jgb  j*¢c a j*gb jgPc
U=\ ci* a g |. U= % a jgb |, U=\ jei* a j%b (5)
g c® a jgb  jed®  a j*qb jei?  a
U-UT-U™ =detU = (a®> + b* + ¢ — 3abe) - 1 = 1. (6)

Subsequent consideration in C N - n-ary complexified R™- Euclidean space the ways of the
holomorphizm (and polymorphizm) for the functions:

Fz, 2, 207 = Fy(2o, e 200 1)) 00+ F1 (20, oo 20 1)) G+ oo+ Fn 1y (20, o 201" (7)

(1P} —p = 1,2,...,(n — 1) is the number of the conjugation operations of the n-ary complex
number z.) allows us to derive n-dimensional wave equations (of the Laplace / Dirac type) for
the harmonic functions F,(o, ..., 2(,—1)) and the corresponding n-spinors, invariant relativity of
the corresponding (n — 1) -parametric Abelian symmetry groups (for example, see the case n=6

¢° = qol4]-]7]:

{[(D3 + 03 + 93 — 3000204) — 3(90(D3 — D105) + Do (02 — 0103) + 04(DF — D305))]°  (8)
— (83 4 03 + 92 — 30,0305) — 3(01(0F — Dp0y) + 03(93 — Da0y) + 05(03 — Bpdy))]%} -
-Fa(xo, ey 1‘5) =0

a=0,...,5 For comarison see at the hypersurface equation for this case ¢% = ¢o:

{[(x% + a:g’ + xi — 3xgrexy)| — 3[:(70(1’3 —z1x35) + :Eg(:lz5 — z123) + x4(x1 — a:3:c5)]} —
—{[(m? + x% + 1:5 3xixsxs| + 3[3:1(1:3 — zox2) + 1‘3(17% — xom4) + x5(22 — 1:0334)]}2
= (P - {F}=1 (9)

The main conclusion of our calculations is that the Abelian properties of the cyclic groups C,lead
to the factorization of all the corresponding group (n—1) -dimensional hypersurfaces (n—1) with the
definition of the Abelian group U™~ | and by analyzing U~ - the invariant Laplace differential
equations for arity-n harmonic functions Fj(zo,...,(—1)),% = 0,...,n — 1,, where the harmonic
functions are determined through the decomposition of the holomorphic function [1, 4].

We identified and investigated all Abelian symmetries for the cases (n = 3, ...,12), which could
serve as opportunities to consider Abelian theories of invisible light of the Universe, interacting
with some invisible matter- exotic n-spinor "maarkrions". In this view, we naturally extended the
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constructions of Abelian n-ary complex numbers studied to the construction of the non-Abelian n-
ary hyper-complex numbers starting from two introducing hyper-complex numbers producing the
(n? — 1) (for tsu(3)- 8) generators[1]-[6]:

Z = 10Qo + 11Q1 + . + T2y Qu2—1) 1 (Qr)" = £Qoik =1,...,n° — 1 (10)

The Laplace differential equations can be found from the Cauchy-Riemann equations of order
deg= n. Following to Dirac procedure one can get from the differential equations for n — ary
harmonic functions the linear differential invariant equations for n — spinors:

) o
F(0xg, ..., 0zp_1) =0, P = (11)

Tin—1

As example we give the commutations relations for tsu(3)-algebra:

[Q1, Q2] = (77 — 7)Qs; [Q2. Qs3] = (7> — 7)Qu; [Q3.Q1] = (> — 7)Qs (12)
ete.: [Qr, Q1] = £(5% — §)Qm and [Q1, Q4] = 0; [Q2, Qs] = 0; [Q3. Qs] = 0. (13)

The unit ternary-hypercomplex numbers produce the non-Abelian ternary-unitary STU(3)-
group Lee. Using the unusual comutations rules we constructed the hypersurface define by the
unit ternary

z = (zoqo + x7q + 28¢%) + (x1g0 + T2q + 23671 + (24qo + T5q + T6¢>) ¢ (14)

The 8 imaginary units {Qk\q,QQ,ql,qql,qul,q%,qq%,q%,QQIQz = qo, } produce tsu(3). The
ternary hypercomplex units |z - Z - §| = 1 produce the ternary nonAbelian 7'SU(3) group Lee
respectively.

The corresponding T'SU(3)-invariant hypersurface |z - % - Z| = 1 takes the following form [5]-[7]:

F(wg, .. 8) = |20> + [211> + [22]® = (202122) — (20%122) — (07122) = 1 where (15)
20 = T0qo + T7q + 13721 = T1q0 + T2q + T3¢% 29 = T4qo + T5q + T6G> OF (16)

F(xg,...,x8) = l‘g + »Li + l‘g + £:1)’ + l% + Lg + :J:i + xg’ + Lg — 3roxr7a8 — 3T1XT2T3 — 3TQL7TY

—3xo(x124 + T2w5 + 3x6) — 3x7(T125 + Tows + T3xa) — 3xg( 126 + Tows + w3w5) =1 (17)
That is, the result of correctness was the vanishing of all contributions V}, in the decomposition

V = F(xg, 1, ...,28)Q0 + Vi(x0, 1, ... 78) Q1 + ... + Va(wo, 71, ..., 78) D3, (18)

that is, out of the possible 729 terms, only 45 terms remained non-zero! Thus, the constructed
generators (Qu;a = 1, ..., have more complex than binary quaternions, the commutation relations
QuQp = 7*QpQq; 7 = €*™/3, where the value of k = 0,1,2 depends on the choice of the generator
subgroup (there are three {Q1,Q2, Q3},{Q4, @5, Qs},{Q7, Qs}, and they form the algebra tsu (3).
The hypersurface itself is a group manifold defined by the ternary group T'SU(3). This group and
its algebra are fundamentally different from the Cartan-Lie group of SU(3) and its algebra su(3)
defined by the 8 Gell-Mann generators. hand drawing)
The corresponding cubic Maarkri-hypersurface takes in R® the following form [7]-[9]:

20 g Pz
U=| 2 Z ¢ |, (19)
@z ¢?Z Zo
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DetU = a3 + 23 + a3 + 23 + 25 + 23 4+ 23 + 25 + 23 — 3zozras — 312973 — 3x42526  (20)

—3zo(z124 + 2225 + T3x6) — 37 (X125 + T9T6 + T3T4) — dx8(T1T6 + ToTy + T3T5) = 1

The new commutation rules applied in quantum field theory can lead to the adoration of the
Pauli principle, which states the following that could exist in one level the n = 3,4,5 identical
particles.

Using the unusual Maarkri rules of anti-commutation we constructed the norm-division algebra
for hyper-ternary complex numbers|8, 9|:

(G0 =1l =q0;a=1,...8}. @@ =j®wqa, or pp=3> a#b  (21)

Similarly, considering n = 4.5.6, ... ary hyper-complex numbers, one can construct n-ary algebras
and n-ary groups with corresponding commutation relations, where j = e(27i/m).

These compositions relations generalize the well-known anticommutation relations between
imaginary quaternions {ej, es, eg}, the matrix realization of which are the Pauli matrices

el = 101,63 = 102,03 = —103 : CaCR = —CBCq, & 7# 3.

An important property of the ternary (n-ary) group 7'SU(3) in the matrix formalism is the
introduction of new concepts of Complex conjugation, Transposition, Hermitian conjugation and
Unitarity: UUTU'T = 1. The next step was connected with the further study of ternary Clifford
algebras in their relationship with binary Clifford algebras, which would allow building n-spinors
material matter with unusual quantum properties.
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